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1 Introduction 

In a previous paper [AS] we introduced the twisted i^-theory of a space 
X, with the twisting corresponding to a 3-dimensional cohomology class of X. 
If the class is of finite order then the theory, particularly when tensored with 
the rationals Q, is very similar to ordinary if-theory. For elements of infinite 
order, however, there are substantial differences. In particular the relations 
with cohomology theory are very different, and it is these that are the subject 
of this paper. 

There are three different ways in which ordinary if-theory and cohomology 
are related: 

(1) by the Atiyah-Hirzebruch spectral sequence, 

(2) by the Chern character, 

(3) by the Chern classes. 

In the first and third of these integral cohomology is involved, while in the 
second only rational cohomology enters. 

In the twisted case we shall examine the counterparts of all three of these 
relations, finding essential new features in all of them. We shall also briefly 
examine operations in twisted if-theory, the analogue of the well-known A-ring 
operations in ordinary X-theory, because these have some bearing on the coho- 
mology questions. 



Twisted if -theory arises because if -theory admits natural automorphisms 
given by tensoring with line-bundles. We review this briefly in Section 2, 
and then use the basic formulae in Sections 3 and 4 to compute the relevant 
differentials of the appropriate spectral sequences. The first key result is the 
explicit identification of the differential d 3 of the Atiyah-Hirzebruch spectral 
sequence already forecast in [AS] (cf. also [R]). In Section 5 we enter new 
territory by showing that the higher differentials ds,dt,... are non-zero even 
over the rationals or reals, and given by Massey products. (In the Appendix 
we give explicit examples, pointed out to us by Elmer Rees, of spaces for which 
the higher differentials do not vanish.) In Section 6 we introduce (over the reals) 
the appropriate twisted cohomology. A key feature here is that the theory is not 
integer graded but (like if -theory) is filtered (and only mod 2 graded). In terms 
of differential forms such a theory has already appeared, at least implicitly, in 
the physics literature. This twisted cohomology has its own "Atiyah-Hirzebruch 
spectral sequence" . Comparing this with twisted if -theory we show in Section 
7 the existence of a Chern character in the twisted context. 

The last three sections are then devoted to Chern classes for twisted K- 
theory. First we show that the ring of characteristic classes (in ordinary real 
cohomology) is the subring of the algebra of Chern classes invariant under ten- 
soring by line-bundles (Proposition (8.8)). We then examine how these might 
be lifted to twisted characteristic classes. 

In Section 9 we discuss a very geometric set of characteristic classes studied 
by Koschorke [K], and show how they fit into the twisted theory. 

Finally in Section 10 we discuss internal operations in twisted if -theory. 

These last sections identify a number of purely algebraic problems which 
arise, and, though it would be nice to know the answers, we have not felt that 
there was sufficient motivation or application as yet to justify embarking on the 
possibly lengthy algebraic investigation. 

In a differential-geometric context there is a very rich theory relating cur- 
vature to differential forms representing the (real) Chern classes. These are of 
course of special interest to both geometers and physicists, and they can lead to 
more precise local formulae. It is natural to ask for a similar theory for twisted 
if -theory, but we have given only a brief sketch of it in Section 7. Fuller treat- 
ments of this subject can be found in [BCMMS] and in unpublished work of 
Bunke. (Cf. also [TX].) There are in fact some significant technical difficul- 
ties, at least from our approach. Although the space of Fredholm operators is 
an elegant model for if -theory from the point of view of topology, it is too large 
or too crude for differential geometry. This point arises clearly in Connes's 
non-commutative geometry, where C*-algebras are too crude to provide explicit 
cocycle formulae, and the theory has to be refined to incorporate some differ- 
ential calculus. It seems to us that Connes's theory should provide the right 
framework to deal with curvature and Chern forms. 
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2 The action of the automorphism group 



In our previous paper [AS] we explained briefly how automorphisms of a 
cohomology theory lead to twisted versions of that theory In particular, for 
if-theory, we studied the automorphisms given by tensoring with line bundles, 
and the twisting that this determines. In this section we shall examine the 
cohomological implications of these automorphisms. 

For a compact space X we have the group Pic(X) formed by (classes of) line 
bundles with the tensor product as multiplication. The first Chern class gives 
an isomorphism 

Ci:Pic(X) — >H 2 {X:Z) (2.1) 

Moreover P\c(X) is naturally a subgroup of the multiplicative group of the ring 
K (X) , and hence it acts by group homomorphisms on K (X) . This action is 
functorial in X, and so it can equally well be described in terms of classifying 
spaces. 

The classifying space of if -theory can be taken to be Fred(H) , the space of 
Fredholm operators on Hilbert space Ti, while the classifying space of Pic can 
be taken to PU (H) , the projective unitary group of TL. The group structure 
of PU (H) gives the group structure of Pic(X). 

Proposition 2.1 The action of Pic(X) on K (X) is induced by the conjugation 
action of PU (H) on Fred (H) . 

Proof If L is a line bundle on X, and an element £ of K (X) is represented 
by a family F = {F x } of Fredholm operators in a fixed Hilbert space H, then 
L (£> £ € K(X) is represented by the family of Fredholm operators 1 ® F = 
{1 (g> F x } in the Hilbert bundle L <S> H on X. This bundle can be trivialized by 
an isomorphism u : L®TL — > X xTi, which exists and is unique up to homotopy 
because U(H) is contractible. So the class L ® £ can be represented by the 
family uo(l®F)oii _1 in the fixed space Ji. This proves the proposition, for 
we can regard u as a map u : X — > PU(H), and the line bundle on X pulled 
back from PU(H) by u is precisely L. □ 

We will now consider the effect on cohomology of the map 

PU (H) x Fred (H) — > Fred (H) (2.2) 

or equivalently the effect on cohomology of the multiplication 

Pic (X) x K (X) — >K{X) (2.3) 

In other words we need to describe the Chern classes of a vector bundle L®E in 
terms of the Chern classes of the vector bundle E and the line bundle L. These 
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are given by universal polynomials, and since the classifying spaces in (2.2) have 
no torsion we lose nothing by working with rational cohomology. 

As usual we define the Chern classes c n (E) of an iV-dimensional bundle E 
in terms of variables Xj by 

N N 
J^Cn = Y[(l+Xj), 

n=0 j=l 

and the power sums s n by 

JV 

s n = ^2 x j ■ 

In particular, sq(E) ~^2x^ is the dimension of E. As a function on Fred(7Y) 
it becomes the index map, labelling the connected components of Fred(H). 

The Chern character is given by 

oo 

z — ' n.\ 



n=0 

and it extends to a ring homomorphism 

ch : K* (X) — ► H* (X,Q) 
which becomes an isomorphism after tensoring with Q. 

If L is a line-bundle with c\ (L) — u, and E is a vector bundle, then the 
Chern character of L ® E is given by 

ch {L®E) = e u chE. 

This implies the same formula for any element E in K (X) . If s n and s n (u) 
denote the power sums for E and L® E then 

£ i # = (i + «4 + ''te < 2 - 4 > 

so that 

s n (u) = s n + ns„_iu + s„_ 2 m 2 + ••• + sou n - (2.5) 

This formula can be interpreted as giving the homomorphism in cohomology 
induced by the map (2.2). 

In the next section we shall deduce various consequences from the formula 
(2.5). 
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3 The universal fibration 



The group action (2.2) of PU (TL) on Fred(TL) gives rise to a "universal 
bundle" with fibre Fred(7Y) over the classifying space BPU (TL) . This classifies 
PU (H)-bundles over a space X as homotopy classes of maps X — ► BPU (TL) . 
Note that a PU (H)-bundle determines a P(7i)-bundle and conversely; in [AS] 
we worked primarily with P (H)-bundles. 

Since PU (H) = U (TL) /U(l), it is an Eilcnberg-MacLane space K (Z,2), 
and so its classifying space BPU (TL) is a K (Z, 3) . Thus, as observed in [AS] 
Prop. 2.1, isomorphism classes of PU (H)-bundles over X are classified by ele- 
ments of H 3 (A, Z) . 

In the notation of [AS] our universal bundle over BPU (TL) with fibre Fred(H) 
is written as Fred(P), where P is the universal P (TL) — or PU (TL) — bundle 
over BPU (TL) . We now want to study the rational cohomology of this fibra- 
tion, using the formula (2.5). Note that because the index is preserved by the 
group action the connected components Fredfe (P) of Fred(P) also correspond 
to the index. 

Now, over the rationals, K (Z, 3) is indistinguishable from a 3-sphcrc. To 
have an explicit map S 3 — ► BPU(TL), note that, for any group G, we have an 
inclusion of its suspension EG into BG (corresponding to G-bundles with just 
one transition function, when EG is regarded as the union of two cones on G) . 
Hence we have inclusions 

ZPU(TL) BPU(TL) (3.1) 

S 3 = ^(CP 1 ) -► E(CP°°) ~ Y,(PU(TL)). (3.2) 
The composite map 

S 3 — ► BPU (TL) (3.3) 

induces an isomorphism on H 3 ( ; Z) , while all higher cohomology groups of 
BPU (TL) ~ K (Z, 3) are finite. 

Consequently, if Yfe denotes the restriction of the bundle Fredfc (P) to S 3 , 
our task is to examine the Leray spectral sequence (over Q) of Yfe. Since the 
base is S 3 the only non-zero differential of the spectral sequence is c?3, and the 
spectral sequence reduces to the Wang exact sequence which is valid for any 
fibration over a sphere S m , with total space Y. This is just the exact sequence 
of the pair (Y, F ) , where F is the fibre over the base-point £ S m . 

... — > H"- 1 (F ) H* (Y, F ) — > H" (Y) — » H* (F ) — , ... (3.4) 

If oo e S m is the antipodal base-point, and Foo is the fibre over it, then we have 
a suspension isomorphism 

a : H q ~ m (Foo) — ► H q (Y,F ). 
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Substituting this in (3.4) we get the Wang exact sequence 

... — > H q ~ x (F ) Hi~ m (Foo) — > JT« (y) — > F 9 (F ) — ... , (3.5) 
where (identifying H m (S m , H*-™ (F^)) with H q ~ m (F 00 )) 

d = cr- 1 S (3.6) 
is the differential rf m of the Leray spectral sequence 

j . 7ti0,9— 1 j-.ro, g-m 



Because the base of the fibration is simply connected we can identify H*{F 00 ) 
canonically with H*(F Q ), and then the homomorphism d : H*(F Q ) — > H*(F ) is 
a derivation. We can explicitly calculate d from the homomorphism ip* induced 
by the gluing map 

4> : S" 1 - 1 x — > S™- 1 x F (3.7) 

which (homotopically) defines the fibration Y — > X. Using (3.6) one finds the 
formula 

0* (1 ® x ) = (1 ®x) + (s®dx) , (3.8) 

where x G F 9 " 1 (F ) and 1 and s are the generators of F° (S"™" 1 ) andF" 1 " 1 (S 171 ' 1 ) 
respectively. (Notice that 

d is a derivation ip* is a ring homomorphism.) 

We now take m = 3 and F = Frcdfc (H) , with the fibration over S 3 induced 
by the inclusion of S* 3 in BPU (H) as in (3.3). The map <j> is then the restriction 
of the multiplication map (2.2) to 

S 2 = CP 1 C CF°° ~ PU (H) . 

Cohomologically this means that, in formula (2.5), we drop all powers of u 
except the linear term. In particular this implies that only for n = 1 does the 
index k = sq of the component Fred^ (TO) enter: 

s\ (u) = s\ + ku. 

Putting all this together, we see that we have established: 

Proposition (3.9) In the spectral sequence for the universal fibration over S 3 , 
with fibre Fredfc (H) , the differential d% is given on the cohomology generators 
s n by the formulae: 

dzs n = ns n -iw for n > 2 
cfasi = sqw = kw, 

where w is the generator of H 3 (S* 3 ; Z) . 
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The coefficients in (3.9) can be taken to be the integers. Over the rationals, 
as noted before, S 3 is equivalent to BPU(H) and so the formula in (3.9) will 
hold over Q for all fibrations. If the fibration over X is induced by a class 
r/ E H 3 (X; Z) , then the spectral sequence for the induced fibration over X, has 
differential d$ given by 

d3S n = "s„-ir/ n > 2 
d 3 si =krj 

In particular, the spectral sequence yields the exact sequence 
H 2 (Frcd fe ) H 3 (X) X H 3 (Frcd fe (P)) , 

where ir is the fibre projection. Hence 7r*d 3 = and so n*i] = if k ^ 0. But 
if the bundle possesses a section then tt* is injective, so if rj ^ rationally — 
i.e. if r] € iJ 3 (X; Z) has infinite order — we must have fc = 0. This shows that, 
as forecast in [AS] §3 Remark (iv)] , for twistings of infinite order there are no 
sections with non-zero index. In other words, the index map Kp (X) — ► Z is 
zero for [P] of infinite order. 

In subsequent sections we shall pursue further the cohomological implications 
of the formula in (3.9), but since our main concern is to relate twisted if -theory 
to cohomology we next turn to this. 

4 The Atiyah-Hirzebruch spectral sequence 

For ordinary if-theory there is the Atiyah-Hirzebruch spectral sequence [AH] 
which relates it to cohomology. As already briefly explained in [AS] Prop (4.1), 
there is an analogous spectral sequence in the twisted case. This has the same 
Ei term 

E%' 9 = H p (X,K q (powb)) 

as in the untwisted case, but converges to the graded group associated to 
a filtration on Kp (X) . Because if 9 (point) = when q is odd the even differ- 
entials d2,di,... are zero. In the untwisted case the first non-zero differential 
c?3 is (see [AH]) the Steenrod operation 

Sql : H p (X; Z) > H p+3 (X; Z) . 

Our first task is to find d% in the twisted case. We shall show that 

d 3 (x) = Sq 3 (x)- V x (4.1) 

where rj = i] [P] is the class of P. 

By a standard argument in homotopy theory, the only universal operations 
on H p ( ; Z), raising dimension by 3, defined for spaces with a given class 77 G H 3 , 
are given by elements of 

H p+3 (K(Z,p) xJf(Z,3);Z) 
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This group is isomorphic to 



where the third summand is generated by the product of the generators of 
HP(K(Z,p)) and H 3 (K(Z, 3)). We deduce that the operation d 3 must be of the 
form 

d 3 (a;) = Sql (x) + bnx (4.2) 

for some b e Z , for the formula must agree with the untwisted case when 77 = 0, 
and the operation must vanish when x = 0. It remains to compute the integer b. 
For this it is sufficient to consider the spectral sequence for the twisted if -theory 
of S 3 , with the generator r/ of H 3 (S 3 ;Z) as the class of the twisting. We just 
have to compute 

d 3 : H° (S 3 ) — » H 3 (S 3 ) (4.3) 

and show that d 3 (1) = —77. This proceeds analogously to the calculation of the 
d 3 of Section 3. 

The spectral sequence for a space X is obtained by applying the functor Kp 
to the filtered space X, filtered by its skeletons. When X — S 3 the filtration 
has just a single step X° = X 1 = X 2 C X 3 = X, where X° is the basepoint, 
and so the spectral sequence reduces to the long exact sequence for the pair 
(X, X°). The differential (4.3) is easily seen to be the boundary map K p (X°) — ► 
Kp(X, X°). Equivalently, it is the boundary map K P (D ) — ► Kp(S 3 , Do), when 
S 3 is written as the union of two hemispheres Do and Doo intersecting in the 
equatorial sphere S 2 . This map fits into the commutative square 

Kp(Do) - Kp(S 3 ,D Q ) 

I I 
K P (S 2 ) - KpiD^S 2 ). 

The differential of (4.3) is the passage from top left to bottom right in this 
diagram, when the groups are identified with K a (Do) = Z and K 1 (D QO , S 2 ) = Z 
by trivializing P over D and respectively. Now K°(S 2 ) = Z © Z, with 
generators 1 and [L], where L is the standard line bundle whose first Chern 
class is the generator of H 2 (S 2 ). The lower horizontal map takes 1 to and [L] 
to 1 when the trivialization from D^ is used for both groups. The left-hand 
vertical map takes 1 to 1 if we use the D -trivialization on S 2 , but takes 1 to 
[L _1 ] =2 — [L] when P is trivialised from Doo. So, finally, the differential takes 
1 to -1, as we claimed. We have thus established the result anticipated in [AS] 

Proposition (4.6) In the Atiyah-Hirzebruch spectral sequence for the functor 
Kp the differential d 3 is given by 

d 3 (x) =Sq\ (x) - rjx, 

where 77 is the class of P in H 3 (X; Z) 
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5 The higher differentials 



For ordinary K-theory all the differentials of the Atiyah-Hirzebruch spectral 
sequence are of finite order and so disappear on tensoring with the rationals, 
showing that the graded group associated to a filtration of K* ® Q is isomorphic 
to H * ® Q. If the twisting class ij (P) is of finite order then the same holds 
for Kp , but if rj{P) is of infinite order then already, as shown in Section 3, ds 
can be of infinite order. At first sight one might be tempted to think that this 
might be all that happens, and might expect 

£ 4 ®Q = £oo®Q- (5-1) 

However, as pointed out to us by Michael Hopkins, this is not the case in 
general, although there are important cases where it does hold. The purpose 
of this section is to explain precisely what does happen to the spectral sequence 
when we tensor with Q. 

As explained in Section 4, general homotopy theory implies that, in our 
category of spaces having a preferred class rj in H 3 , the only primary cohomology 
operations over Q are given by products with r\. Since 77 is odd-dimensional, 
rj 2 = and so we only get multiplication by 77, as in the ds for Kp. But now let 
us consider possible secondary operations, i.e. ones defined not on E2, but on 
£4- To get Ei we start from E 2 = E 3 = H* (X, Q) and form first the (/^-cycles 

Z i = {xe H* (X) with r)x = 0} 

and then the boundaries 

B 4 = {y e H* (X) of the form y = vx} 

giving 

E4 = Z4 j B4 . 

Now on E4 = E5 there is a new universal operation that can be defined, namely 
the Massey triple product. Let us rapidly review the theory of such products. 
We need to introduce cochains, and although it is technically possible [Su] to do 
this over Q , it is simpler to assume our spaces are manifolds and to work over 
M, where we can use differential forms as cochains. In fact little is lost by this 
assumption, and for any application in physics the restriction is quite natural. 

In general, let x, y, z be closed differential forms on X of degrees p, q, r with 

[x][y) = 0, [y}[z} = 0, 
where [ ] denotes the de Rham cohomology class. Thus 

xy = du , yz = dv. 
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Then the (p + q + r — 1) - form 

w = uz + ( — l) p_1 xv 

satisfies 

dw = duz — xdv = xyz — xyz = 0. 

The cohomology class 

N = {x,y,z} 

is called the Massey triple product. Because of the choices of u and v , it is 
ambiguous up to the addition of arbitrary multiples of x and z. 

There is a whole hierarchy of higher Massey products, and they play a basic 
role in rational homotopy theory [Su] . Essentially they give all the additional 
information (beyond the cohomology ring structure) that is needed to determine 
the rational homotopy type. With these general explanations out of the way, 
let us return to our twisted if -theory over R. Let 77 denote a fixed closed 3-form 
on X representing the class of P. Then a class in E4 in the spectral sequence 
may be represented by a closed p-form x with [rj\ [x] = 0. Since [rj] 2 = 0, we can 
form the Massey triple product {rj, rj, x} . Since we actually have rj 2 — as a 
form, we can take 

{rj, rj, x} = vr\ where r\x = dv, (5.2) 

and the Massey product is less ambiguous than in the general case. If we change 
the choice of v by adding v with dv = 0, then r]v belongs to the boundaries 
B4 and so its class in £4 = £5 is well-defined. Thus we have exhibited an 
operation 

6 6 : El — > El + 5 

In §7 we shall show that — £5 is the differential d$ of the spectral seqence for 
twisted JT-theory. 

If {rj, r], x} = wc can repeat the process, defining a Massey product 
{rj, rj, rj, x) = r/w where {77, rj, x} = dw (mod multiples of 77), 
giving an operation 

5 7 = El^El +7 

which we shall see in §7 is minus the differential dy of the spectral sequence. 

Continuing in this way, we find arbitrarily many potentially non-vanishing 
differentials. This means that, in general, K* p (X) will have much smaller 
rank than H* (X) . A more precise formulation will emerge in the subsequent 
sections. However, one fact can already be noted. If, for a given manifold 
X, all Massey products vanish, then the spectral sequence stops at E4, so that 
(5.1) holds and 

gr K* P (X) = E 4 (5.3) 
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An important class of manifolds for which this holds are compact Kahler man- 
ifolds, where a deep theorem [DGMS] asserts that all Massey products vanish. 
On the other hand we shall give examples in the Appendix of manifolds for 
which the Massey products of arbitrarily high order do not vanish. 

In ordinary A-theory the collapsing of the Atiyah-Hirzebruch spectral se- 
quence over Q (or R) is intimately tied up with the existence of the Chern 
character, which gives a ring isomorphism 

ch : K* (A) ® Q — > H* (A, Q) . 

As we have seen, the twisted K-theory given by a twisting element rj of 
infinite order is far from being isomorphic over Q to cohomology: typically it is 
considerably smaller. So the question arises: is there an appropriate twisted 
cohomology theory with a corresponding twisted Chern character? In the next 
section we shall describe such a theory. 

6 Twisted cohomology 

Given a manifold A and a closed 3-form rj we shall introduce a "twisted" 
cohomology theory (over R). On the de Rham complex SI (A) of differential 
forms on A we define an operator D v (or just D) 

D = d-r) (6.1) 

Note that 

D 2 = (d- rj) (d - rj) = d 2 - dr\ - nd + rj 2 = 0, 

since r\ has odd degree. However, D is not homogeneous, though it preserves 
the grading mod 2. Thus the cohomology groups of D can be defined and they 
are graded mod 2. We denote these groups by 

ff°(A) , H l v (X). 

If Y is a submanifold of A we can of course define relative groups H*(X, Y) 
as the D-cohomology of the relative de Rham complex 0(A, Y) of forms which 
vanish on Y; and we shall have the usual long exact sequence. 

Remarks 

(i) It is not clear how one could define twisted cohomology with integer 
coefficients. Even on the level of cohomology we need not have rj 2 = integrally 
(though, as we saw in Proposition 4.6, we do have (Sq% — rj) 2 = 0). 

(ii) The groups H*(X) depend on the closed form jj and not just on 
its cohomology class. If rj and rj are cohomologous — say rj — i] = d( - 
then multiplication by the even-dimensional form induces an isomorphism 
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H*{X) — ► H*,(X), as D v > o = o £),,. Because we have (da)(3 = D v (af3) if 
= the isomorphism of twisted cohomology evidently does not change if C 
is altered by the addition of an exact 2-form. One consequence of this — taking 
C to be closed — is that the group H 2 (X;M.) acts on the twisted cohomology 
H*(X). We shall see in the next section that this action corresponds by the 
Chern character to the natural action of the Picard group H 2 (X; Z) on Kp(X) 
which was described in [AS]. Another consequence is that if we are given not 
just one closed 3-form n but a family {rj a } ae A of 3- forms together with a choice 
of a 2-form Cab for each a, b e A such that r]b — i] a = d( a b, and if 

Cab — Cac + Cbc = 

for each a,b,c, then the groups H* a (X) are canonically isomorphic. We shall 
sometimes write them as H^(X), where T denotes the family {{7/ a }, {Cab}}- In 
fact the forms Cab need to be given only up to the addition of exact forms. We 
shall refer to such a family T as a coherent family of closed 3-forms. 

(iii) We shall often encounter the situation where we have an open covering 
U = {U a } of X and a closed 2-form iv ab defined in each intersection U ab = U a C\Ub 
such that 

Uab — U ac + LObc = 

in the triple intersection U a t, c . By choosing a partition of unity {A a } subordinate 
to the covering U we can then define a global closed 3-form rj whose value in U a is 
dB ai where B a — ^ b A(,.w a 6. (Indeed, in string theory it is usually the "B-field" 
represented locally by the B a which is given, and ut a b is defined as B a — B^ ) 
The previous remark shows that the mod 2 graded de Rham complex D,{X) 
of X with the twisted differential D ri is isomorphic to the complex Q^^X) in 
which a form is a collection a a € Cl(U a ) such that a& = e" ab ai a for all a, b, with 
the usual exterior differential. The map takes the collection a a to the globally 
defined form which is e Ba a a in U a . (Furthermore, if the covering U and the 
forms ui a b are given, then varying the partition of unity gives rise to a coherent 
family T of 3-forms in the sense of the previous remark.) 



Although the twisted differential D does not preserve the grading of the 
de Rham complex, it does preserve the filtration whose pih stage is the sum 
of the forms of all degrees > p. The filtration therefore gives us a spectral 
sequence converging to the twisted cohomology. The E\ term is clearly just 
the differential forms with the usual d (since r\ raises filtration by 3), and so 

El = H*(X,R) 

is the usual de Rham cohomology. To compute the higher differentials we 
proceed as follows. Let 

X = X p + X p+2 + X p+4: + ... 
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be an (inhomogenous) form with dx p = 0, so that x p represents a class [x p ] E H p . 
Then 

Dx = (d - 77) x = dx p + (dx p+2 - nx p ) + {dx p+i - nx p + 2 ) + ... 

i.e 

y = Dx = y p+1 + y p+3 + y p+5 ... 

where 

y p+ i = dx p = 
y P +3 = dx p+2 - T]X p 
y p+5 = dx p+4 - 7]x p+2 



The class [yp+3] = — [rj] [x p ] represents d 3 x, so that the differential d 3 of the 
spectral sequence is just multiplication by —r). Hence £4 is the same as the 
E4 term of the Atiyah-Hirzebruch spectral sequence (over R) that we found in 
Section 4. 

Proceeding further, if [rjx p ] = so that r\x p — dv, we can choose x p +2 = v 
and make y p +3 = 0. Then y p +5 = dx p +4 — r\v represents d$x p . In other words 

d 5 [x p ] = - {r/,V,x P } 

is given by the Massey triple product. Continuing this way we see that 

d 7 [x p ] = - {77,77, 77, u} 

and so on. Thus we have proved 

Proposition 6.1 The iterated Massey products with r\ give (up to sign) all the 
higher differentials of the spectral sequence for the twisted cohomology. 

The similarity of this spectral sequence with that of twisted if-theory de- 
scribed in Section 5 is clear. In the next section we shall bring them together 
via the twisted Chern character which we shall define. 

Let us first, however, point out a simple corollary of the existence of the 
filtration spectral sequence which makes working with twisted cohomology a lot 
more flexible. Obviously we can define twisted cohomology H*(A) whenever we 
have a differential graded algebra A which is graded-commutative, and a chosen 
closed element 77 in degree 3. The spectral sequence tells us that if (f> : A — > A' is 
a homomorphism of differential graded algebras which induces an isomorphism 
of cohomology in the usual sense, then it induces an isomorphism 

h;(A) ^ h; (v) (a') 
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for every closed r\ <E A 3 . Furthermore, if instead of 77 we have a closed 3-form 
T]' in A', then we can define a coherent family <j>*{rf) in A such that 

h;. W) {a)^h;,{a'). 

The family is indexed by the set of pairs (77, £') in ^4 3 © (^4') 2 such that drj = 
and 0(77) + g?£' = r/': this gives us a coherent family because the mapping-cone 1 
of the equivalence A — > A' is acyclic. 

An important application of this remark is the following. Any topological 
space A has a "singular de Rham complex" f2 s i ng (A), in which a p-form is a 
family of p-forms a a £ f2 p (A m ), one for each singular simplex a : A™ — > A, 
which are compatible under the face and degeneracy maps. It is well-known [Su] 
that the cohomology of f2 s ing(A) — which is clearly a commutative differential 
graded algebra — is the singular cohomology H*(X; M). Now if A is a smooth 
manifold there are natural homomorphisms of differential graded algebras 

51(A) — > O sm _ s i ng (A) <— f2 s i ng (A) 

inducing isomorphisms of cohomology, where £l sm _ s i ng (A) is defined like 
^sing(A) but using only smooth singular simplexes. Coherent families of 
3-forms in these algebras correspond one-to-one, and the same twisted coho- 
mology is obtained from any of them. In other words, we need not hesitate to 
speak of the twisted cohomology of spaces which are not manifolds. 

We end this section with a technical result needed in the next section. Let 
us first notice that if A is a space for which H odd (X;R) = then the spectral 
sequence shows that H° dd (X) = for any 77 ; and the same principle holds for 
relative groups. We shall apply this to the situation studied in section 3, where 
we have a fibration Y — > S 3 over the 3-sphere, with fibres F and Foo over the 
poles and 00 in S 3 . We are interested in the twisted cohomology H V (Y), 
where 77 S ft 3 (Y) is pulled back from a form on S* 3 which generates H 3 (S 3 ), but 
vanishes near the base-point 0. Thus 77 vanishes in the neighbourhood of F , 
and so there is a restriction map H° V (Y) — > iJ ov (F ). 

Proposition 6.2 For the fibration Y S 3 with fibre F , if H odd (F ; R) = 
then 

H?(Y) -> H CV (F ) 

is injective. 

Proof As explained in §3, we have H l (Y,Fo) — i? z_3 (F 00 ), so the hypothesis 
implies that the relative group H^ V (Y,F ) vanishes. □ 

lr The mapping-cone of A — > A' is the total complex of the double complex . . . — > — > A — > 
A' — > — > . . . . 



14 



7 The Chern character 



For each projective bundle P on X we should like to have a natural Chern 
character map 

ch : K* P (X) -► H*(X) 

which induces an isomorphism K'p(X) <g>R — ► H*(X). Here 77 is a 3-form on X 
representing the class of the projective bundle P. In fact it is unreasonable to 
try to assign a specific 3-form to the bundle P without choosing any additional 
structure 2 , and we shall instead define a coherent family of forms in the sense 
explained in Remark (ii) of the previous section. 

In this paper we are using the traditional methods of algebraic topology — 
though we have compromised a little by defining twisted cohomology in terms of 
the de Rham complex — and in that spirit we shall define the Chern character 
as a universal form on the representing space for twisted if-theory. Before 
doing so, however, it seems worthwhile to sketch briefly how things would look 
from the point of view of Chern- Weil theory, for that is more geometrical, and 
more relevant in applications of the theory. To treat the Chern- Weil theory 
fully would require a careful discussion of smooth Hilbcrt bundles and families 
of unbounded operators in them, and we shall not embark on that. 

The Chern character of a smooth vector bundle E on X is represented by 
the inhomogeneous differential form tr(e FE ), where Fe & Q 2 (X; End(_E)) is the 
curvature of an arbitrary connection in E. (We recall that if 

d E : SV(X;E) -► n l+1 {X;E) 

is the covariant exterior derivative operator associated to a connection in E then 
d% is multiplication by Fe- a little cryptically, we write d 2 E = F E .) 

It is perhaps slightly less well known that there is a generalization — due 
to Quillen [Q] — of this description of the Chern character to the case of an 
element of K{X) represented by a family of unbounded self-adjoint degree 1 
Fredholm operators {T x } in a mod 2 graded bundle TL of Hilbcrt spaces on 
X, at least when e~ T * is of trace class for all x G X. We simply form the 
superconnection dn + iT, an operator on fl(X;7i), and define its curvature as 

T={d n +\Tf. 

Then the inhomogeneous differential form 3 str(e :F ) represents the Chern char- 
acter. (We are assuming here that the bundle H is smooth in the sense that one 

2 What is needed is a choice of a string connection in the sense of [S3], or of some version 
of a gerbe connection [BCMMS]. 

3 The supertrace of an operator T in a mod 2 graded vector space H = H° ffi H 1 is defined 

by 

str T = tr T\H° - tr T^H 1 . 
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can speak of differential forms on X with values in 7i, that we have a connection 
in H giving an operation du of covariant differentiation on such forms, and that 
the family {T x } is appropriately smooth. For more details, see [BGV].) 

Quillen's description of the Chern character is well adapted to the definition 
of twisted if-theory Kp(X) by means of families of Fredholm operators in a 
projective Hilbert bundle P. It is simplest to explain this in terms of local 
trivializations. Let us choose local trivializations of P over the sets of an open 
covering U — {U a } as above, and represent P and its connection by an actual 
Hilbert bundle H a with a unitary connection dn a in U a . Then over U a b = 
U a n Ub we have 

Kb = H a ® Lab, 

where L a b is a line bundle with a unitary connection. Let the curvature of L a b 
be the closed 2- form u a b on U a b- Then the curvature forms T a defined in each 
U a are related by 

Fb = F a + Uab 

in Uab, and so the character forms str(e :Fa ) constitute an element of the twisted 
de Rham complex f2 w (X) which — as we have pointed out in Remark (iii) in 
§6 — calculates the twisted cohomology H*(X). If the twisting is given by 
a B-field {B a } then the Chern character is given by the globally defined form 
str(e :Fa+Ba ). This is the Chern- Weil definition of the twisted Chern character. 

Now let us give a less problematic definition of the Chern character as a 
twisted cohomology class of the universal fibration Frcd(P) of Section 3, with 
the twisting defined by the generator of H 3 (K(Z,3);Z). The first point to 
notice is that, by the remark at the end on Section 6, we can replace the uni- 
versal fibration by its restriction Y to the sphere S 3 contained in the base-space 
K(li, 3), for the two spaces are rationally homotopy equivalent, and so the re- 
striction map of their singular de Rham complexes induces an isomorphism of 
both ordinary and twisted cohomology. As in Section 3 we shall denote the 
fibres of the universal bundle over the north and south poles of S 3 by and 
Fq. We shall prove that there is a unique twisted class of Y which restricts to 
the standard Chern character on the fibre Fq . (We shall explain the significance 
of the uniqueness presently.) Since we are concentrating on the case when the 
twisting class r\ is of infinite order we may (as explained in Section 3) restrict 
ourselves to the index zero component of Frcd(P). Let s n be a closed form 
on Fq representing the cohomology generator denoted by the same symbol in 
Section 3, and let 77 be a 3-form on Y pulled back from a generating 3-form on 
S 3 whose support does not contain either pole of S 3 . Our task is to construct 
a sequence of closed forms S n on Y with the two properties 

(i) S n \F = s n , 

and 
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(ii) dS n = nr)S n -i. 

We shall do this by induction on n. Suppose that S m has been found for 
m < n. Because the bundle Y can be trivialized in the complement of the 
single fibre i 7 ^ we can pull back s n to a closed form on this complement, and 
then extend it further to a not-necessarily-closed form S' n on all of Y. (This 
extension is especially easy using the singular de Rham complex, as we can 
extend by zero; if we were working with honest smooth forms we should have 
to multiply the pull-back by a suitable real-valued function equal to 1 outside a 
neighbourhood of Foo and vanishing in a smaller neighbourhood of Fx,.) Then 
dS' n = away from Fx,, and so it defines a class in H 2n+1 (Y, Fo) . By the 
arguments in Section 3 (leading up to Proposition (3.9)) this class can also be 
represented by the form nr)S n -i, which also vanishes near Fo. Hence on the 
level of forms we have 

dS' n - nrtSn-! = d9 n , (7.1) 
where n is form on Y with support away from F . So we define S n — S' n — 9 n . 

Note that the formulae (i) and (ii) still hold for n — 1, where So = in the 
zero-component . 

Thus the even form on Y 

= (^) 

n=l 

satisfies (d — rj) ch = 0, showing that it is a cocyle for the twisted cohomology 
of the universal fibration. 

The construction of the form in (7.2) provides a class in H r] (Y) which lifts 
the usual Chern character in H* (Fo) . It defines a twisted Chern character in 
the sense that when we have a manifold X with a projective bundle P we can 
choose a smooth map / : X — ► F(Z, 3) which pulls back P from the universal 
CF°°-bundle P on K(Z, 3). Then Kp{X) is defined as the set of homotopy 
classes of lifts F of / to Y, and for each such lift F we define chF — F*(ch). 
This is an element of the twisted cohomology H* (X), where r/f = f*{if). The 
definition of the twisting form r\f depends on the choice of the classifying map 
/, but as / varies we obtain a coherent family Tp of forms in the sense of 
the preceding section. For though the space of maps / pulling back a bundle 
equivalent to P is not contractible, the space of pull-back diagrams 

P — > P 

I I 
X — > K(Z,3), 

i.e. of pairs (/, a), where a is an isomorphism a : P — > f*P, is contractible, 
and we index Tp by this set of pairs. Then there is a path, unique up to 
homotopy, from one choice of / to any other — say /' — , and hence, by the 
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usual argument of de Rham cohomology, a choice of £///, unique up to an exact 
form, such that 

d (ff =Vf~ Vf< ■ 

The uniqueness of the twisted class of Y which lifts the Chern character on 
Fq is important. 4 The classical Chern character defines a ring homomorphism 
from if -theory to cohomology, but if we wanted just an additive homomorphism 
we could equally well use ch^ for any sequence of rational numbers {Afc}. 

The position is different with twisted if -theory. A class £ G H*(Y) defines an 
additive transformation from twisted K to twisted cohomology if and only if it 
is primitive (i.e. maps to £ ® 1 + 1 ® £) under the fibrewise Whitney sum map 

Yx B Y^Y, 

where B = K(Z, 3). Now Proposition 6.2 applies to Y Xb Y, and it follows that 
a twisted class £ defines an additive transformation if and only if its restriction 
to the fibre is primitive, and hence of the form ^ chj.. But only if all the 
A fc are equal does this class lift to a twisted class. Thus the twisted Chern 
character is singled out by additivity alone, without mentioning any multiplica- 
tivity property. On the other hand, the argument just given also proves that 
our twisted character is indeed multiplicative in the natural sense with respect 
to the pairings 

K P (X) ® K P , (X) -» K P9P , (X) 

and 

K n {X)®H r ,,{X)^K n+ri ,{X). 

We have now defined the twisted character on the even group Kp{X). But 
we can extend the definition to a homomorphism 

ch:K* P (X)^H*r p (X) 

of mod 2 graded theories simply by replacing X by X x S 1 in the usual way. 

The remaining formal properties of the twisted Chern character also follow 
from those of the untwisted case, as we shall now explain. 

Because the twisted Chern character is functorial it is compatible with the 
nitrations which are used to construct the Atiyah-Hirzebruch spectral sequences, 
and so it induces a homomorphism of the associated spectral sequences of Sec- 
tions 4 and 6. But when the if -theory spectral sequence is tensored with R the 
Ei terms coincide, and the homomorphism there is an isomorphism. Hence the 
whole spectral sequence map is an isomorphism, and we conclude that 

ch : K P (X) ® R — ► H*jr p (X) 

4 We are indebted to U.Bunke for a helpful discussion of this point. 
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is an isomorphism. This argument also shows that the differentials of the spec- 
tral sequences must agree. Since the higher differentials for twisted cohomology 
were shown in Section 6 to be given precisely by the iterated Massey products, 
the same follows for the twisted if -theory spectral sequence. 

To summarize, we have established 

Proposition (7.4) There is a functorial twisted Chern character 

ch : K* P (X) R* Tp (X) 

which becomes an isomorphism after tensoring with R. 

Proposition (7.5) In the twisted Atiyah-Hirzebruch spectral sequence over R 
the higher differentials d^dj, ... are given by the iterated Massey products 

cfc (x) = - {n,i],x} 
d i ( x ) = - {v,V,V,x} 



8 Chern Classes 

Ordinary (untwisted) if -theory is related to cohomology in three different 
ways: via the Atiyah-Hirzebruch spectral sequence, via the Chern character, and 
via Chern classes. These are all connected in well-known ways. In particular 
the Chern character can be expressed in terms of the Chern classes, and the 
converse holds over the rationals. However, in the twisted case (for a twisting 
element of infinite order) there are more substantial differences, and one cannot 
pass so easily from one to another. For example, the twisted Chern character, 
not being graded, does not lead to a sequence of rational twisted Chern classes. 

The basic result about characteristic classes in the untwisted case is that any 
cohomology class naturally associated to an element £ G K(X) is a polynomial 
in its Chern classes c„(£). For a twisted class £ € Kp(X) we can look for char- 
acteristic classes in either the ordinary cohomology or the twisted cohomology of 
X. Although the latter question might seem more logical, we shall begin with 
the former, which is easier and more tractable. Our results are summarized in 
Proposition 8.8 below. 

For any generalized cohomology theory characteristic classes correspond to 
cohomology classes of the classifying space. For twisted if -theory the appro- 
priate classifying space is the universal fibration studied in Section 3, with fibre 
Fred(H) and base the Eilenberg-MacLane space if (Z, 3) . 

The cohomology classes of the total space define characteristic classes for 
our twisted if -theory. For a twisting by an element r\ of infinite order only the 
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index zero component of Fred(W) is relevant, and so we shall restrict ourselves 
to this case. 

We now consider only real or rational coefficients, so that, as in Section 3, we 
can replace the Eilenberg-MacLane space by the 3-sphere S 3 . The key result 
of Section 3 was Proposition (3.9), determining the only non-trivial differential 
g?3 for the Leray spectral sequence of the fibration. As noted there, the Leray 
spectral sequence reduces to the Wang exact sequence (3.5) , and hence gives 
the exact sequence: 

-» H cv (Y) -4 H cv (F) 4 H cv (F) -» H odd (Y) -» 0, (8.1) 

where we have lumped together the even and odd degrees. Here F = Fredo (H) 
and Y is the total space. 

The homomorphism d is the derivation given by (3.9) with k = 0: 

d s n = n s n -i n > 2 

ds 1= (8.2) 

and (8.1) shows that 

H ev (Y) = J, (8.3) 
where J C Q [si, s 2 , ...] is the kernel of d in (8.2). The sequence (8.1) also 

determines H° dd (Y) as the cokernel of d, but, as the following lemma shows, 
this is zero except for H 3 . 

Lemma 8.4 The derivation d given by (8.2) is surjective in degree > 0. 

Proof For simplicity of notation it is convenient to introduce new variables 
x n (n > 0) by 

x n = ch„ = n > 1, 

n\ 

and to put x = 0. Then d acting on a polynomial / (xi, ...) becomes 

At V- 9 f 

n>l 



It is sufficient to consider monomials of degree n > 0, and we assume, as an 
inductive hypothesis, that the Lemma is true for all smaller positive values of 
n. If / has degree n and is not in the image of d, then we can write / = x^g 
with k minimal but k < n (since Xk = dxk+i)- Then < deg (g) < n, so by the 
inductive hypothesis g = dh for some h. Then 

/ = x k g = x k dh = d(x k h) - Xk-ih 
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so that Xk-ih is also not in the image of d. But, by the minimality of k, this 
contradicts our assumption, proving the lemma. □ 

Thus W (Y) = for odd q ^ 3, while H 3 (Y) = H 3 (S 3 ) with the generator 
pulled back from the base. Thus, apart from the twisting class rj itself, there 
are no odd (rational) characteristic classes for twisted K -theory. 

The even characteristic classes are then given by the subring J. We shall 
describe some aspects of this ring, but it does not seem easy to give its full 
structure in terms of generators and relations. 

One consequence of (8.1) and (8.4) is a formula for the Poincare series of J. 
Let A = ®A n = Q[xi,X2, ■■■] be the graded polynomial algebra, where degree 

n 

x n = n, and let 

J = ©</n 

be the grading of J. (Note that d in (8.1) just shifts the grading by 1.) Then 
(8.1) and (8.4) lead to the short exact sequence 

► J n ► A n > A n —i ► 

for n > 2, while 

Jo — A a , Ji = A\. 
Put a n — dimj4„, j rl = dimJ„. Then 

jn = a n - a„_i (n > 2) 
ji = ai = 1 
jo = a = 1. 

Defining the Poincare series J (t) , A (t) by 

J(t) = J2jnt n A(t) = J2^nt n , 



we deduce that 



or 



n>0 n>0 



^Tj n t n = J2a n t n -J2a n - 1 t n , 



J (t) - (1 + 1) = A (t) - (1 + 1) - t [A (t) - 1] 
J (t) = A (t) - tA (t) + t 
= (l-t)A (t) + 1. 

But, since A is the polynomial algebra, 

A(t) 



(l-t)(l -**)...' 
and we have proved 
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Proposition 8.1 The Poincare series of J is given by 



The first few explicit values of j n are 

jo = 1, 3i = 1, .72 = 1, .73 = 1, .74 = 2, j 5 = 2, 
.76 = 4, j 7 = 4, j 8 = 7. 

This shows that J is not just a polynomial algebra (on generators of degrees 
> 2), as one might have expected from comparison with the finite-dimensional 
groups U (TV) — > PU(N). The extra term t in (8.5) arises from the class 
X\ = si, but J does not even contain a polynomial subalgcbra on generators of 
degrees > 2, for x\ and x\ are the only elements in degrees 2 and 3, and they 
are algebraically dependent. 

Although J C A is explicitly defined by the formulae (8.2) there is a more 
fundamental way of describing it that was already implicit in Section 2, where we 
studied the action of tcnsoring by line-bundles. We continue with our present 
notation, where we have replaced the power sums s n by the components x n of 
the Chern character. In terms of a variable u of degree 2, introduce variables 
yi,U2, ■■■ related to xi,x 2 , ... by 



e*=(e*»)(e£) (8 - 6) 



Thus, explicitly 



271 = xi 

272 = x 2 + ux\ 



273 = x 3 + ux 2 + —Xi 



These equations are, of course, just a rewriting of equations 2.4 and 2.5. 

Given a polynomial / (x\,X2---) in A, we define it to be invariant if 

f{y) = f{x) (8.7) 

identically in u. Now equation (8.6) is invertible (giving x in terms of y), and 
it can be written symbolically as 

Y = X e u 

is invertible (giving Xk in terms of j/i, . . . , j/fc). It defines an algebraic action of 
the additive group C (on which u is the coordinate function) on A by algebra 
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automorphisms. This explains why we used the word "invariant" . (To keep 
track of the grading: if we think of the grading of A as corresponding to an 
action of C x on it, then the action of C on A is C x -cquivariant when C x acts 
by multiplication on C.) 

As noted in Section 3, our homomorphism d : A — > A is given by just 
using the linear term in u in (8.6). In other words it is the action of the Lie 
algebra of the 1-parameter group. But Lie algebra invariance implies Lie group 
invariance. Hence the apparently much stronger identity (8.7), given by using 
all higher powers of u, is actually equivalent to the simpler one using the linear 
terms. Thus our subring J C A is just the invariant subring. 

A topological explanation of this fact is implicit in the formula (3.2) of 
Section 3. A class in H cv (F) which is in J extends by definition to H cv (Y) , 
where Y is fibred over S 3 . Because of the rational homotopy equivalence (3.3) 
it then also extends over BPU (H), and in particular over the subspace £CP°° 
of (3.2). But this passage from CP 1 to CP 00 is just the extension from the 
term linear in u to all powers of u, recovering the algebraic argument above. 

We summarize all this in 

Proposition (8.8) Each polynomial in the universal Chern classes which is 
invariant under the tensor product operation (8.6) extends uniquely to a rational 
characteristic class of twisted K -theory, and (apart from the twisting class) all 
such characteristic classes are obtained in this way. 

Furthermore, all of the characteristic classes are annihilated by multiplica- 
tion by the twisting class rj. 

Having identified the ring J of characteristic classes of twisted i-T-theory 
in ordinary cohomology, we can now ask for characteristic classes in twisted 
cohomology. As explained in Section 6 we get the twisted (real) cohomology 
as a mod 2 graded theory by starting with the de Rham complex and using 
the total differential D = d — rj of (6.1). We then get a spectral sequence, 
whose E^-term is the usual real cohomology and whose first differential d 3 is 
multiplication by the class of —n. The is then the associated graded group 
of our twisted cohomology. 

We apply this to our universal space Y . In this section we have shown that 
H cv (Y) = J H odd (Y) = P 3 (Y) = R, 
and the only non-trivial differential d% gives an isomorphism 

P° (Y) -> P 3 (Y) . 

Thus the P^tcrm of our spectral sequence is just the part J + of J of positive 
degree: 

E 4 = J+. (8.9) 
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Since there are no more terms of odd degree, all remaining differentials are zero, 
and so 

J + = E x = gr H n (Y) , 
where H v is the universal twisted cohomology. 

To get characteristic twisted classes for twisted if-theory we therefore have 
to choose liftings of J + back into the filtered ring H v (Y) . For example, for 
the first class x\ = Si € J 2 the Chern character, as constructed in Section 7, 
provides a natural lift. In general, a lift can be constructed by the following 
simple but not very illuminating formula. 

Define a new derivation S of the polynomial algebra A = C[x±, xi, . . .] by 

S(xk) = kx k+1 

for k > 1. The commutator A = [d,S] is then also a derivation: it multiplies 
each monomial in the x k by its degree, when each Xk is given degree 1 rather 
than k. (This new grading of A is preserved by both d and 5, and is hence 
inherited by J.) As d and 5 commute with A we have [d, exp(A<5)] = AA exp(A<5) 
for any scalar A, i.e. 

(d — AA) o exp(A5) = cxp(A(5) o d. 

If / is an invariant element of A with A(/) = mf for some m > 0, we accordingly 
have 

(d- l)cxp(A(5)(/) = 

when A = 1/m. This shows that exp(A<5)(/) defines a class in the twisted 
cohomology of the universal fibration which lifts /. When / = Si = X\ it is 
precisely the Chern character. 

To find more natural lifts for classes in J + one procedure would be to first 
construct internal operations in twisted if-theory and then take their Chern 
characters. This is one motivation for our study of such internal operators in 
Section 10. But, before we proceed down that route, we will in the next section 
say something about an interesting subset of elements of J defined geometrically 
- the Koschorke classes. 



9 Koschorke classes 

The classical treatment of Chern classes has several aspects, all of importance. 
One can introduce them as cohomology classes or perhaps differential forms 
of the classifying space. Dually one can define them more geometrically by 
explicit cycles on the classifying space - the famous "Schubert cycles" on the 
Grassmannian manifolds of subspaces of a vector space. These Schubert cycles 
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are defined relative to some fixed (partial) flag in the ambient vector space. If 
we work with Fredholm operators in a Hilbcrt space we would need flags formed 
by subspaces of finite codimension. But for a twisting of infinite order such flags 
do not exist for reasons explained in [AS]. However, even though we cannot 
use the direct analogue of the Schubert cycles, there is an alternative and very 
natural class of geometric cycles that we can use. These are the cycles studied 
by Koschorke [K]. 

In Fred(H) we have the locally closed submanifolds F p , q consisting of Fred- 
holm operators T with 

dim Ker T = p dim Coker T = q. 

Of course k = index T = p — q is constant on the components Fred^ (TL) , so 
that for each k we have a simple sequence of these submanifolds. 

The submanifold F Ptq , or rather its closure F Ptq , defines an integral cohomol- 
ogy class k p . q of dimension 2pq called the Koschorke class . 

Clearly the submanifolds F Piq are invariant under the conjugation action of 
PU (H) on Fred(W), and they therefore define a submanifold of the total space 
of the associated fibration over BPU (W) , and so over any pull-back to a space 
X by a twisting class r\. This exhibits a natural lift of the Koschorke classes in 
the fibre Fred(7Y) to the total space, and hence to characteristic classes in the 
twisted cohomology H n (X) . We shall refer to these also as Koschorke classes. 

There is an explicit formula expressing the k p ^ q in terms of the classical 
Chern classes c±,C2, ■■■ as Hankel determinants. The proof is given in [K]. In 
particular, since we are interested in the case where the index k is zero, we have 
p = q, and k P:P has dimension 2p 2 . The first few Hankel determinants are: 



C2 


C3 




Cl 


C2 




C3 


C 4 


C5 


C2 


C3 


C4 


Cl 


C2 


C3 



c\ - C 3 Cl 



hi,i = ci 
h 2 ,2 = 

^3,3 



In general h Piq is the determinant of the q x g-matrix whose (i, j) th entry is 
c i-j+P- (Here we interpret Co as 1, and Ck as when k < 0.) 

To see where these formulae come from, let us suppose that the formal series 
c(t) = l + at + c 2 t 2 + c 3 t 3 + . . . 
is the expansion of a rational function 

a(t) _ l + ai t + ... + a p tP 



C W = T77T 



b(t) l + ht + ... + b q ti 
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This means that each c„ is expressed as a polynomial of degree 2n in the vari- 
ables oi, . . . , a p ; bi, . . . , b q , when and bk are given weight 2k. The resulting 
map of polynomial rings 

Q[ci, c 2 , c 3 , ...]-► Q[ai, . . . , ap] <8> Q[6i, . . . , 6,] (9.1) 

can be identified with the map of rational cohomology induced by the map 

BU P x BU q -> Fred p _ 9 (ft) 

which classifies the formal difference of bundles E p ® 1 — l®E q , where E p and 
are the universal p- and g-dimcnsional bundles on BU P and BU q , and ai, . . . ,a p 
and b\, . . . ,b q are the universal Chern classes in H*(BU p ) and H*(BU q ). We 
can identify for any n with the Grassmannian manifold of n-dimcnsional 
subspaces of H, and then we have an obvious fibration 

F p , g -» BC/ P x BU q , (9.2) 

whose fibre is the general linear group of Hilbert space, which is contractible. 
It will also be helpful to introduce the embedding of polynomial rings 

Q[oi, . . . , Op] ® Q[6i, ...,&,]-» Q[an, . . . , x p ] ® Q[y 1; . . . , y,] (9.3) 

defined by the factorizations 

a(t) = {l + x 1 t)...(l + x p t), 
b(t) = (l + yi t)...(l + y q t). 

The polynomial i?(a, 6) of degree 2pq in the aj and bj that maps to Yl( x i^Vj) 
is called the resultant of the polynomials a(f) and b(t). It is well-known in 
classical algebra because its vanishing is the condition on the coefficients of the 
polynomials a(t) and b(t) for them to have a common factor. 

The following proposition gives us the basic facts about Koschorke classes 
and Hankel determinants. 

Proposition 9.4 

(i) The homomorphism 9.1 is injective in degrees < 2(p + l)(g + 1). 

(ii) The Hankel determinant h p ^ q (c) maps to the resultant R(a,b). 
(Hi) The determinant h p ^ q '(c) maps to zero if p' > p and q' > q. 

(iv) The Koschorke class k PA is given, up to sign, by the Hankel determi- 
nant h p ^ q (c). 

Proof We begin with (iii). The relation c(t)b(t) — a(t) expresses the 
polynomial a(t) as a complex linear combination of the q + 1 formal power 
series 

c(t), tc(t), t 2 c(t), ... ,t q c{t). 



26 



In other words, the row vector 

(1 a\ a 2 ■ ■ ■ a p . . . ) 
is a linear combination of the q + 1 rows 



(1 


Cl 


C2 


C3 




...) 


(0 


1 


Cl 


C2 


Cp-1 


...) 


(0 





1 


Cl 


Cp-2 


...) 


(0 











c p-q 


...). 



The Hankel determinant /y , g +i is the determinant of the (q + 1) x (q + 1)- 
submatrix extracted from these rows, beginning with the entry c p i in the top 
left-hand corner. But because a n = if n > p the rows of the submatrix are 
linearly dependent if p' > p, i.e. h p ^ q+ i{c) = if p' > p. The result (hi) follows, 
as when q' > q + 1 the determinant h p ^ q i is that of a q' x g'-submatrix of an 
array with q' rows which are a fortiori linearly dependent. 

To prove (i), consider the map (9.1) with p and q replaced by p + k and 
q + k. Let Ik be its kernel. Clearly Ik is zero in degrees < 2n if p + k > n. 
So if a polynomial f(c) of degree 2n belongs to I we can hnd k < n — p such 
that /(c) e Ik-i but /(c) ^ ifc- Then /(c) gives rise to a non-zero polynomial 
of degree 2n in oi, . . . , a p +fe; 6i, . . . , 6 g +fc which vanishes if the polynomials a(t) 
and 6(t) have a common factor. It is therefore divisible by R(a,b), and so 
n > (p + k)(q + k) > (p + l)(q + 1), as we want. 

To prove (ii), we consider the determinant h p , q (c) as a function of the co- 
efficients of the rational function a(t)/b(t). If the polynomials a(t) and bit) 
have a common factor, then the proof of (iii) just given, but with q replaced by 
q — 1, tells us that h Ptq (c) will vanish. It must therefore be divisible by the 
resultant polynomial R(a, b). As it has the same degree 2pq as R(a, b), it must 
be a rational multiple of it. But if we specialize by setting a, = and bj = 
except for a p , then both R(a,b) and h P:q become (a p ) g . 

Finally, to prove (iv), it is enough by (i) to show that and h p . q {c) have the 
same restriction to F p , q . But let us recall that the cohomology class represented 
by F Pt g becomes, when restricted to F Ptq , the Euler class of the normal bundle 
to F pA . This normal bundle is (E p ® 1)* ® (1 <g> E q ), and its Euler class is 

The geometry shows that the Koschorke classes extend from the fibre Frcd(H) 
to the total space Y of the universal bundle, and hence that they are invariant 
in the sense of Section 8. But we can also see the invariance from Proposition 
9.4. The maps (9.1) and (9.3) are equivariant with respect to the action of the 
1-parameter group of section 8, which acts on the variables Xi and y.j of (9.3) 
by Xi ^ Xi + u and yj yj + u. The resultant Yl(xi — yj) is clearly invariant 
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under this action, and so, therefore, is the class h P! g(c). It is worth remarking 
that the action of the 1-parameter group on the total Chern class c(t) of a class 
of virtual dimension is c(t) \— ► c(t), where t = t/(l — ut). 

It is clearly attractive to have such nicely defined geometric invariant classes, 
but unfortunately they are far from generating all invariant classes. They are 
too thin on the ground, as we see by noticing that their dimensions 2p 2 , i.e. 
2, 8, 18, ... rise rapidly. In fact they are invariant not only under the 1- 
parameter group described in (8.6) but even under an action of the infinite 
dimensional group of formal reparametrizations 

t 1-> t = t + u x t 2 + u 2 t 3 + u 3 t 4 H , 

of the line, in which the previous group sits as the subgroup of Mobius trans- 
formations 

t 1 > t/(l - ut). 

This is proved in a computational way in [Se2] Prop. 6. 4, and unfortunately 
we do not know any conceptual proof. One complicating thing is that the 
larger reparametrization group does not act on the cohomology of Frcd(7Y) by 
ring automorphisms, and so it does not change the Chern classes simply by 
c(t) i > c(i), but by a twisted version of that. 

It is not clear what special role the Koschorke classes play, but we believe 
that they deserve further study. 



10 Operations in twisted K-theory 

Ordinary if-theory has operations arising from representation theory. Thus 
we have the exterior powers A fc , the symmetric powers s k , and the Adams op- 
erations ip k . In [Al] the ring of operations is described in terms of the decom- 
position of the tensor powers of a bundle under the symmetric groups. If we 
define 

R* = J2 Hom z ( R ( s k) , Z) 

k 

where R (G) is the character ring of a group G, then there is a natural homo- 
morphism 

R* -» Op (K) 

which is an embedding . If we think of Op (K) in terms of self-maps of the 
classifying space Fred(H) of K then it acquires a topology from the skeleton 
filtration, and it is not hard to see that i?* has dense image in Op (K) , so that 
Op (K) can be viewed as the completion R* . 

In [Al] it is shown that _R* is a polynomial ring on the X k , or on the s k . 
Over <Q>, the ip k are also polynomial generators. 
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There is actually another natural set of operations not included in i?» . These 
involve the operation * given by taking the dual E* of a vector bundle E. It is 
natural to denote * by tp -1 , as can be seen by computing the Chern character 
of tp k applied to the universal bundle £: 
if 

ch£ = ^ch„£ 

n 

then 

chV fc £ = ^£: n ch„£ 

n 

while 

chr = £(-if ch„£ 

n 

The usual composition rules 

ip k o ip l = ip kl = tp l o i) k 

for positive integers k, I then extend also to negative integers when we define 
(for k > 0) 

il)~ k = ip k o V' -1 , 

i.e. 

i)~ k (E) =i}j k (E*) = (E)]* . 

Note We must distinguish carefully between the composition ip k o ip l and the 
product ip k ip l . Thus 

■0 fc o ip l (E) = ip k (ip l E) = i{j kl E 
is quite different from the product ip k (E) tp l (E). 

The operation ip^ 1 automatically belongs to the completed ring R r , and in 
fact 

v- 1 w = -(^7 p w)~ 1 E^ p ( a; ) 

in terms of the operations 7 P defined below. Thus if we allow ourselves to work 
within the completion there is nothing new to be gained from the ip k for 
negative k, but if we want to avoid completion then the negative exponents do 
give something new. This will become important shortly when we pass to the 
twisted if-theory. 

The treatment in [Al] is in terms of complexes of vector bundles, but it 
extends naturally to Fredholm complexes [SI] . Here a single Frcdholm operator 

is generalized to a complex of Hilbert spaces 
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whose homology is finite-dimensional. We can still take tensor products and 
decompose under the symmetric group. 



Now we are ready to consider the twisted case. A twisted family of Fredholm 
operators over a base space X can be tensored with itself n times to give a 
twisted family of Fredholm complexes over X, and then decomposed under the 
symmetric group S n . The important point to note is that the twisting element 
C we get is now n times the original twisting element rj. This follows from 
Proposition (2.1)(vii) in [AS]. Thus it would seem that (for 77 of infinite order) 
we always get operations that shift the twisting, and so are not "internal" . This 
is where the duality operation * or xp~ x comes to our rescue, as we shall now 
explain. 

Consider any monomial ^ in the tp k : 



where the total degree = 1. Of course this requires that some of the h 

are negative. We can apply this to our Fredholm family with twisting element 
77 and get a new Fredholm family with twisting element 



as follows by using Proposition (2.1)(viii) of [AS]. Thus the monomial /j does 
define an internal operation which preserves the twisting. 

It seems reasonable to expect that in this way we get (over Q) a dense set of 
all internal operations. However, it is not obvious how to establish this. The 
basic reason is that the filtration that is normally used in iT-theory is generated 
by the Grothendieck 7 fc -operations which are defined in terms of A t — 



This means that 7™ is a linear combination of A fe for k < n, and so in the 
twisted case it mixes up the twistings. We cannot therefore use the 7" to 
give a filtration on our internal operations for twisted JT-theory. This might 
of course suggest that our whole question is unnatural and that one should 
consider only the if -theory got by summing over all twistings. 

It also seems clear that we should not need all the monomials /i of total 
degree 1 - they would be over-abundant. One might, for example, hope to 
restrict oneself to those \x with at most one negative exponent, say kf. these 
are determined by the arbitrary string of positive exponents k\, k 2 , ...ki-i- We 
would also include the case /i = ijj 1 (the identity), where there is no negative 
exponent. 

Since we are only interested in elements of augmentation or index 0, a mono- 
mial /1 will raise the filtration from 1 to I. 



fj, = i} kl tp k2 ...tp kl 




by 



7t = I> fe * fe = A */ 
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We now revert to the question raised in Section 8 of finding natural lifts of 
the invariant cohomology classes into twisted cohomology classes. We now have 
the twisted classes given by the and taking the leading term (i.e. dimension 
21) of their Chern characters we must end up with invariant classes. Thus 
our internal operations, followed by the Chern character, give in principle some 
natural lifts. In other words we have a method to construct characteristic 
classes which end up in the twisted cohomology. It remains a purely algebraic 
problem to find some natural basis. 

Note that we could use monomials in the \ k 

\ kl \ k2 ...\ k >, 

with ki — 1, in exactly the same way, if we define A fe for negative k by 
A- fe (£) = A fc (D= [A fe (£)]*■ 

These are more likely to produce some form of integral basis, but they are 
much more difficult to handle algebraically because their Chern characters are 
complicated. 

Finally we make a remark about the Koschorke classes. Since these are de- 
fined by complex submanifolds F PiQ of Fred(if), their closures F Ptq should define 
complex analytic subspaces and hence, by using a resolution of the ideal-sheaf, 
an element of K (Fred (H)) ■ But this requires some care, since we are in infinite 
dimensions, and the approximations are more difficult to handle in if-theory 
because it is only filtered and not graded. However, assuming these difficul- 
ties are overcome, we shall end up with classes k p>q in the ordinary (untwisted) 
if -theory of the base. These provide "lifts" for the Koschorke classes in the 
Atiyah-Hirzebruch spectral sequence. 

11 Appendix 

In this appendix we shall give simple examples of spaces with non-zero Massey 
products of the kind occurring in Section 6 as higher differentials in the Atiyah- 
Hirzebruch spectral sequence of twisted if-theory. We are indebted to Elmer 
Rees for these examples. We shall also discuss some general issues arising from 
them. 

We begin by introducing a 3-manifold Y which has a non-zero Massey triple 
product {x, x, y} with x,y e H 1 (Y) . We will then take the product Y x CP 2 
with the complex projective plane. This will have the Massey triple product 
{xt, xt, y} non-zero, where t generates H 2 (CP 2 ) . 

To contruct Y we just take the U (l)-bundle over a 2-torus T = S 1 x S 1 with 
Chern class 1. If x, y are closed 1-forms on T, coming from the two factors, 
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and if z is the standard connection 1-form on Y (normalized so that its integral 
over the U (l)-fibrc is 1), then dz = xy gives the (normalized) curvature 2-form. 
The cohomology of Y has the following generators. 



x,y 

xz, yz 
xyz 



1 



in H° ' 

in H 1 

in H 2 

in H 3 



> 



(Al) 



We see that the Massey triple product 



{x, x, y} = xz e H 2 



is non-zero. Moreover, it is not in the image of multiplication by x (note that 
z is not a closed form). In fact multiplication by x annihilates all of H 1 . 

Now consider M = Y x CP 2 . The generators in (Al) get multiplied by 
l,t,t 2 to give the generators of H* (M). We see that 



Moreover this class is not in the image of multiplication by xt from H 3 to H 6 . 
In fact xt annihilates all three generators xt, yt, xyz of H 3 . 

Thus on M, for the twisting class xt, the differential 



of the Atiyah-Hirzcbruch spectral sequence is non-zero on the element y € £4. 

A little computation shows in fact that the ranks of E2, E4, Eq = Eoo are 
18, 14, 10 respectively. Thus the rank of K* P (M) is 10 (where [xt] is the class 
of P). This can also be checked directly by computing the cohomology of the 
operator d + xt on differential forms as in Section 6. 

Note that Y is just the Eilenberg-MacLane space K(ir, 1) for the Heiscnberg 
group 7r generated by three elements a,b,c with c central and equal to the 
commutator of a, b. The group it is a central extension of 1? by Z. All the 
computations above are just computations in the cohomology of this discrete 
group. 

We can generalize this example to a tower of examples, each a U (l)-bundlc 
over its predecessor with Chern class the previous Massey product. The first 
step beyond Y gives a 4- manifold Z with Chern class xz, having a connection 
1-form with xz = du. The Massey product 



{xt,xt,y} = xzt 2 e H 6 



(A2) 



o?5 : E4 — > E4 



{x, x, x, y} = xu 
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is then non-zero. The construction provides a sequence of examples in which 
the successive Massey products are, at each stage, non-zero. Note that all these 
examples arise from discrete groups which are successive central extensions by Z, 
so that again all calculations are just calculations in the cohomology of discrete 
groups. 

A more direct construction of the (n + l)-dimensional manifold Y n in this 
tower is as a bundle over the circle whose fibre is the n-dimensional torus T n = 
E n /Z n , and whose monodromy is the integral unipotent matrix 1 + N, where N 
is the Jordan block with Is in the supcrdiagonal. Then H 1 (Y n ) = Z 2 , generated 
by x coming from the base circle, and y which restricts to the generator of 
H 1 (T n ) invariant under the monodromy. In Y n the (n+l)-fold Massey product 
{x, . . . , x, y} S H n (Y n ) is non-zero. 

To get to Massey products involving a class in H 3 we again multiply by 
a complex projective space of the relevant dimension. Thus for Y 3 we use 
Y 3 x CP 3 and find 

{xt, xt, xt, y} = xut 3 e H 8 , 
and verify that the element 

d'j (y) — xut 3 

in the iVterm of the spectral sequence is non-zero. 

Clearly, in all these examples, we could replace the finite dimensional CP™ 
by CP 00 and we could interpret our results in terms of equivariant calculations 
for the group G = U (1) . The class xt that we have been using is just the 
equivariant class generating Hq(G) that was studied in Section 6 of [AS] (note 
that G acts on G by conjugation, and so trivially when G = U (1)). We 
observed there that this is the class of a natural P (H)-bundle over G = U (1) , 
where TL is a graded Hilbert space, and the grading shifts by 1 on flowing round 
the circle. Our example therefore deals with this equivariant bundle P on S 1 
lifted from the first factor of T 2 to Y. The example is therefore not as ad hoc 
as it might seem. 

Instead of treating t as an equivariant cohomology class we can also treat it 
simply as a real or complex variable. Then the operator 

D t = d + xt 

can be viewed as a covariant derivative for a connection, depending on a pa- 
rameter t. Regarding t as constant, we have D 2 = 0, so that the connection 
is fiat. Its cohomology is then just the standard cohomology of a flat connec- 
tion. When we regard t as a variable the cohomology of D t becomes naturally 
a module over the polynomial ring C[t}. 

Since S 1 x CP°° is the universal space for pairs of integer cohomology classes 
x E H 1 , t E H 2 , the interpretation of twisted cohomology in terms of the 
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cohomology of fiat connections applies whenever our twisting class r\ decomposes 
as xt. More generally, the same applies whenever rj is a linear combination 
r/ = J2 x iti- I R particular, this occurs in the following situation related to 
the twisted equivariant if-theory Kq p (G) in Section 6 of [AS], where G is a 
compact Lie group acting on itself by conjugation. The case we have just been 
examining is when G = U(l), so let us now restrict to the case where G is 
simply-connected. In [A2] the ordinary if -theory of G was usefully studied via 
the natural map 

tt-.G/T x T — ► G, 

where T is a maximal torus, and w(gT,u) = gug^ 1 . Clearly this map is G- 
equivariant for the conjugation action on G, so it induces a map in G-equivariant 
if-thcory or G-equivariant cohomology. Since 

H G (G/T) = iff (point) = H* (BT) , 

we get a homomorphism 

H*(B T ) <g> H* (T) X- H* G {G). 

The twisting class 

M G H% (G) 

that we introduced in [AS] then necessarily gives a decomposable element 

where tj £ ii 1 (T) and ajj € H 2 (BT) . (It is easy to see there can be no term 
in H 3 (T)). Thus, the twisted equivariant if -theory of G/T x T (twisted by 
n*ri) can be understood in terms of families of flat connections, parametrized 
by (ti, ...,t n ) . 

A crucial point, exploited in [A2], is that tt preserves orientation and dimen- 
sion. (Its degree is the order of the Weyl group of G). This implies, purely 
formally, that tt* on real cohomology is injective and canonically split. The 
same argument applies to twisted (real) cohomology, and to twisted if-theory 
(tensored with R). It also extends to the equivariant case. Thus we can view 
the twisted equivariant if-theory of G (modulo torsion) as a subspace of the 
corresponding group for G/T x T. The corresponding cohomology is therefore 
intcrprctablc in terms of families of flat connections. 

The groups Kg,p(G) are the subject of the work by Freed, Hopkins, and 
Teleman [FHT], referred to in [AS], and are shown by them to be related to 
the Verlinde algebra. This in turn is connected to conformal field theory and 
to Chcrn-Simons theory. There were speculations in [A3] that Chern-Simons 
theory for G might be "abclianized" , i.e. reduced to its maximal term T. This 
programme has been carried out in detail by Yoshida [Y] . There might be some 
connection between this programme and the process described above replacing 
G by G/T x T. 
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